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Abstract. We prove end point estimate for Radon transform of radial functions on affine Grasaman- 
nian and real hyperbolic space. We also discuss analogs of these results on the sphere. 



1. Introduction 

Given a function / on R™, n > 2, the Radon transform of / is defined by the formula 
(1.1) Rf(u,t)= [ f(tuj + y')dy', to e S" 1-1 , t€l, 

whenever the above integral makes sense. One can analogously define the <i-plane transform of a function 
as the integral of the function over d-dimensional planes with respect to the d-dimensional Lebesgue 
measure. Precisely, given 1 < d < n — 1 and a d-dimensional linear subspace II of R", one defines 

(1-2) T d f(x,U) = I f(x-y) d\ d (y), 

where Ad denotes the d-dimensional Lebesgue measure on II. By a simple application of Fubini's 
theorem one can see that the above integrals converge absolutely for / G L P (R"), if p = 1. But for 
p > 1 the situation is rather involved. It was proved in [23] that if / G L p (R n ), I < p < ^, then the 
lower dimensional integral (|1.2[) is well defined for allmost every x and II. Roughly speaking, the above 
phenomenon occurs because the d-plane transform is closely related to the Fourier transform and the 
Reisz potential. A natural question then is to ask: If / G L p (W l ), 1 < p < ^, then what can one say 
about the size of Tdfl Of course the size has to be measured with respect to the natural measure on 
the set of <i-dimensional affine subspaces. The above problem was completely settled for d = n — I in 
[17] , It was shown in 17 that there exists a positive constant C such that for all / G C^°(K™) the 
following inequality holds, 

' / \ i/p' 



(1.3) 



IS" 



\Rf(u,t)\*dt 



da n -x(w) < C||/||iP(Kr.) 



1 < p < n/(n — 1), 1/q = (n/p) — n + 1, 1/p' = 1 — (1/p). Here <x„-i denotes the normalized rotation 
invariant measure on the sphere. 

Apart from the above result another intriguing observation related to the end-point estimate of (|1.3[) 
involving Lorentz norm was made in |17) . It was shown in [17] that the end-point estimate of (|1.3|) 
holds for n > 3, that is, 

(1-4) (f (su Ptm \Rf(u,t)\) n d*n-i(u)) ' <C n \\f\\ 



s „-i 
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But the above estimate fails for the case n = 2 . A consequence of the above is that if / € L ' 1 (K™ ) , n > 
3 then its Radon transform is well defined for almost every hyperplane. The failure of the end-point 
estimate for n = 2 can be attributed to the existence of compact Kakeya sets in R 2 of arbitrary small 
Lebesgue measure ([17], p. 642). Since the indicator function of a set with radial symmetry and 
arbitrarily small L 2 ' 1 norm cannot contain line segments of a fixed length in every direction, one can 
still hope for an end-point estimate for the radial functions in the case n = 2. This viewpoint was 
adopted in [5] and the question regarding the end-point estimate for the d-plane transform of radial 
functions was answered: if 1 < d < n — 1 then for all radial functions / the following estimate holds, 

(!-5) sup (;Ei n)GR"xG„,J T d/(a;,n)| < C||/|| it , 1(Rn) . 

Here G n ,d stands for the set of e?-dimensional linear subspaces of M. n and C > is a constant independent 
of /. In this paper our main objective is to establish analogs of (|1.5j) on affine Grassmannian, real 
hyperbolic space and the sphere. 

There is a wealth of information available in the literature on the study of d-plane transform on 
affine Grassmannian (see for instance [TJ [HI El HH1 HI])- However, the study of d-plane transform of L p 
functions on affine Grassmannian seems to be relatively new. Investigation regarding L p — L q mapping 
property of the e?-plane transform for affine Grassmannian was recently initiated in [22 . This notion 
of d-plane transform generalizes the notion of d-plane transform of functions defined earlier. This 
motivated us to look for an estimate similar to (jl.5l) for the d-plane transform of radial functions on 
affine Grassmannian. Our main result in section 2 shows that it is possible to prove an appropriate 
analogue of (|1.5I) for generalized d-plane transform of radial functions on affine Grassmannian (see 
Theorem |2~2"|) . 

Next we turn towards the real hyperbolic space. There are several papers which deal with L p — L q 
mapping property of the totally geodesic radon transform on real hyperbolic spaces (see for instance 
[TJ (2] [141 [25] and references there in). But none of these papers address the question of end point 
estimates for the Radon transform. The best possible L p — L q mapping property of the Radon transform 
(or more generally the d-plane transform) on these spaces seem to be a hard problem. However, it turns 
out that the same problem on the restricted class of radial functions is not very difficult to tackle. In 
fact, analogues of (|1.5p has already appeared in the non Euclidean setup. The first one is by Cowling, 
Meda and Setti [J]. While working on Kunze-Stein phenomena on homogeneous trees they proved 
that the horospherical Radon transform of radial functions defines a continuous operator from L 2 ' 1 
to L°° ([3], Theorem 2.5). The second result is by Ionescu [13]. It was shown in [13, that for rank 
one Riemannian symmetric spaces of non compact type the horospherical Radon transform of radial 
functions is also continuous from L 2:1 to L°° ([13], Proposition 2). 

These results motivated us to consider the ci-dimensional totally geodesic Radon transform of radial 
functions on real hyperbolic space HP and the sphere S". A result in [T] says that: If / G i p (H n ), 
1 < p < (n— l)/(d~ 1), then / is integrable over almost every ci-dimensional totally geodesic submanifold. 
In analogy with (jl.5p it is natural to enquire about the validity of the end-point estimate only for radial 
functions. We answer the question in Section 3 as follows (see Theorem I3.9p : the d-plane transform 
restricted to the class of radial functions defines a continuous linear map from Lfcr'^H") to i°°(R+) 
if n > 3. As a consequence it follows that if / is radial and / G L' 3 = T:1 (H"), n > 3, then / is 
integrable over almost every d-dimensional totally geodesic submanifold. This is in the same spirit as 
K n , homogeneous trees and rank one symmetric spaces of non compact type. However there are some 
non Euclidean consequences of the above result (see Corollarv l3.11[) . One such is that if / € L d - 1 ^{W 1 ) 



END POINT ESTIMATES FOR RADON TRANSFORM 



3 



and is radial then its Radon transform has an exponential decay at infinity. As a consequence we will 
see that the d-dimensional totally geodesic Radon transform of radial functions is also continuous from 
L^^^iW 1 ) to L n_1, °°(R + ). This is in sharp contrast with the Euclidean spaces. 

In Section 4 we consider the case of the sphere. The situation here is very different because of 
compactness. It is known from [5D| that in this case the ci-plane transform is continuous from L p (S n ) 
to L p (SO(n + l)/SO(n - d) x SO(d + 1)), 1 < p < oo (see also [25]). Here the quotient space 
SO(n + 1) / SO(n — d) x SO(d+ 1) is viewed as the space of <i-dimensional totally geodesic sub-manifolds 
of S n . In this case one can show that the exact analogue of (jl.5j) , for functions which are invariant under 
the action of SO(n), is not true fExample I4.6j) . It turns out that one can prove a result analogous to 
(ll.5[) if the SO{n + 1) invariant measure on SO(n + l)/SO(n — d) x SO(d + 1) is considered along with 
a weight which is naturally associated with the structure of the set of d-dimensional totally geodesic 
submanifolds (see Theorem 14.71) . 



2. Affine Grassmannian 

2.1. Notation and Preliminaries. Let G n .k be the standard Grassmann manifold of all fc-dimensional 
linear subspaces of R™, < k < n. The rotation group SO{n) acts on G n ,k by A ■ £ = A(£),A £ 
50(n),^ £ G n ,k- The above action can easily be seen to be transitive and moreover the isotropy 
subgroup at £o = span {ei,...,efc} is SO(k) x SO(n — k) (see [TB], p. 140). Consequently we can 
identify G n ,k with the compact homogeneous space SO(n)/ SO(k) x SO(n — k). This identification 
allows us to talk about the SO(n) invariant measure on G n ^ with total mass 1. This measure will be 
denoted by d£. Let G(n,k) denotes the set of all fc-dimensional affine subspaces of R™. Given £ G Gn,fc 
and u G £ the translated plane £ + u € G(n, k). Moreover, given any r 6 G(n, k) there exists unique 
£ £ G n ^t and unique u E £ such that r = £ + u. Consequently, G(n, k) can be parameterized by the 
pair (£,it), £ £ G n .k, u e R"~ fc . The manifold G(n,k) can also be viewed as a homogeneous space of 
the Euclidean motion group M(n) = 0(n) x R". Given an element (T, v) S M(n) and r € G^n, k) we 
define 



This action is known to be transitive. Let {ei, e2, . . . , e„} be the standard orthonormal basis of 1™ and 
Tfc = Re i © . . . © Re k (we assume = if fc = 0. It then follows that the isotropy subgroup Hk at Tk 
is given by 

H k = {(T,v)£M(n):(T,v)-T k =T k } 

Ti e 0(fc),T 2 e 0(n- k),v e r fc 














(2.6) 




!(• 


T 2 


i) 














Hence G(n, k) w M(n)/(0(fc) x 0(n - fc)) x R fc . 

Let £ be a <i-plane, k < d < n, and r a fc-plane with r C (. According to our convention we have 
C = (f/,v), t = (£,w) where 77 g G n ,d, £ € G„.fc, net; 1 and u e ^- L . Since t C £ it then follows 
immediately that £ C 77. We claim that there exists x £ £ x n r\ such that u = v + x. Let A £ r then 
A = Z + m = T4 7 + u, ^e£, We?;, u G w G r?- 1 . Hence u-» = lf-Zei(. On the other 
hand r/ 1 - C £ (as £ C 77) and hence u — v £ If we choose x = u — v then we are through. We 
consider the product measure d/ifc(r) = <i£du on G(n,k), where <i£ is the measure on G n> k and du is 
the (n — fc)-dimensional Lebesgue measure on W l ~ k . For n > d > k and r; G G„.<;, we denote Gk{r)) the 
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Grassmann manifold of fc-dimensional linear subspaces of r\. We write 

r = (£,u) € G(n,k), iie^ 1 ; ( = {tj,v) e G(n,d), uet) 1 
The d-plan transform of a function / on G(n, k) is a function R,if on G(n, d) defined by 



(2.7) Rdf(0= f(r)= d n U f(£,v + x)dx. 

JtC( JtCri J^nr) 

Here d^ denotes the normalized measure on Grassmannian Gk {rj) of all /c-dimcnsional linear subspaces 
of rj and dx denotes the (d — /c)-dimcnsional Lebesgue measure. 

If t = (£, u) G G(n,k), the distance ||u|| of the plane r from the origin will be denoted by |t|. A 
function / defined on G(n,k) is called radial if f(£,u) — f(£',u') whenever \\u\\ = \\u'\\. This means 
that a radial functions depends only on the distance of the fc-plane from the origin. For radial functions 
the formula (|2.7p can be written in a more concrete form. Since v € r/ 1 - and x G rj it follows from (|2.7|) 
that if / is radial then 

(2.8) R d f(C)=R d .f(v,v) = C n . d , k [ /((HI 2 + \\x\\ 2 ) l ' 2 )dx. 

This implies that R^f is also a radial function on G(n,d). By writing \\v\\ — s and using polar 
coordinates on W i ~ k we get the expression 

/•OO 

(2.9) R d f(n, v) = A d f(s) = C nAk / f(t)(t 2 - s^-Hdt. 



This formula will play a crucial role in the main result of this section. 

We will need the notion of Lorentz spaces in the present as well as in the subsequent sections. We 
briefly recall some relevant results on Lorentz spaces (see [51121] for details). Let (M,m) be a a- finite 
measure space, / : M — > C be a measurable function and p 6 [1, oo), g 6 [1, oo]. We define 

'*SZ°\r(t)i L/p ] q %) 1/q wheng<oo 



l/l 



sup t>0 tdf(t) 1 / p when q = oo. 

Here df is the distribution function of / and /*(<) = inf{s | df(s) < t} is the nonincreasing rearrange- 
ment of / (0 p. 45]). We take L p > q (M) to be the set of all measurable / : M — > C such that 
ll/H* q < oo. By L°°- 00 (M) and |j • ||oo,oo we mean respectively the space L°°(M) and the norm || • H^. 
For p, q G [1, oo) the following identity gives an alternative expression of || • || * q which we will use. 

n r°° rlf r°° rlt 

I (t 1/p r(t))^ = q (t df ( t y/n q T- 

V Jo 1 Jo 1 

The proof of this identity can be found, for instance, in [TS]. For p,q in the range above, L P,P (M) = 
L p {M) and if q x < q 2 then \\f\\* pm < \\f\\*, qi and consequently L P ^{M) C L P ^{M). It is easy 
to see from above that for the indicator function of a measurable set of finite measure E we have 
\\Xe\\l^{m) = m{E)V p . 

In this section and everywhere else we will follow the standard practice of using the letter C for 
constant, whose value may change from one line to another. Occasionally the constant C will be 
suffixed to show its dependency on important parameters. We will also use the symbol f(x) x g{x) to 
mean that there exist two positive constants C\, C2 such that C\f{x) < g{x) < 02/(2;) for appropriate 
values of x. 



END POINT ESTIMATES FOR RADON TRANSFORM 



5 



2.2. Main result. Regarding the estimate of Rdf for LP functions on G(n,k) it is known from 22 , 
Corallary 2.6 that if / G L p (G(n, k)), 1 < p < then the integrals involved in (|2.7[) is well defined. 
This range of p is sharp in the sense that if p > then there exists a radial function / 6 L p (G(n, k)) 
such that Rd.f(C) = 00 for almost every £ € G(n, d). Our main result in this section deals with behaviour 

ti — k 

of Rd restricted to radial functions in L d - k ' (G(n, k)). We start by quoting a simple lemma from [15] . 

Lemma 2.1. Let n £ N and 7 > 1. Jf > X% > . . . > x n > are real numbers then the following 
inequality holds, 

(n \ T n 

i=l / i=l 

The main result of this section is the following Theorem. 

Theorem 2.2. // n > d > k > 0, f/ien t/iere exists a constant C > smc/i £/ia£ /or aZZ radial functions 
f on G(n, k) the following estimate holds 

(2-11) sup A d (f)(s)<C\\f\\ ^ 

S £(0,oo) Ld - k ' (G{n,k)) 

Proof. In view of general theory of Lorentz spaces it suffices to prove (|2.11[) for indicator functions of 
radial open sets with finite measure (see [26] . Theorem 3.13 and [5 ). Since these functions can be 
approximated by functions of form Xu l ± Ei where Ei = {r G G(n, k) : a, < \t\ < 6^}, bi < 0^+1, a\ > 
and i = 1, . . . , I it suffices to prove the result for these functions. An explicit calculation using (|2.9[) 
shows that 

([ft ft s<at 

(2.12) MXE i )(s) = CUb 2 i -s 2 )^, ai <s<bi 

[0, h<s 

where s = \(\, ( € G(n,d). If we denote E = U l i=1 Ei then by using linearity of A d and (|2.12[) we get 
that 

{XUM ~ ^ - K 2 - if- < «i- 

((EUi - - (« 2 - * 2 )^]) + ( & i - s2 )"^) . 

if aj < s < bj, 1 <j <l. 

EU+i m-s 2 )^-{al-s^}, 

if bj < s < flj+i, 1 < j ' < i — 1. 
0, 6; < s. 

Now, for a fixed s > 0, let -E s denotes the set {r 6 E : |r| > s} so that \e s < X-B and hence the 
corresponding distribution functions satisfy the relation d XEs (r) < d XE (r) for all r > 0. This implies 
that \\xe II n-fc ± < ||x_e| ! ■ To prove the theorem it thus suffices to show that for 

Ld-k - (G(n,fc)) L d ~ k ' (G(n,k)) 

all s > 

(2-14) Mxe)(8)<C\\ X e.\\ t s=>, . 

I" (G(n,/c)) 

where C is independent of s and L 



(2.13) A d { X E){s)=C( 
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We now turn towards the calculation of the required Lorentz norm of the function \e 3 ■ By using 
polar coordinates on R" _fc and the expression of the measure on G(n, k) given in the beginning of this 
section it follows that 



\XE S 



(2.15) 



d-k 

n—k 



if s < a\. 



cl 



i—k 



i — k 



if a,j < s < bj, 1 < j < I. 

if bj < s < ftj+i, 1 < j < I — 1. 
0, if b[ < s. 

We will now consider s £ (aj, bj) for a fixed j and prove (|2.14jl . Other cases can be dealt with exactly 
the same way. 

For a > 0, 7 > 1 and x > y > we apply Lemma [2.1l to get the inequality (x+a) 1 —x 1 > (y+a) 7 — y 7 . 
If we now choose 7 = (n — k)/2 (which is greater than or equal to 1 by hypothesis) and x = af, 
y = af — s 2 , a = 6| — af and use the previous inequality then we get 



> 



[(tf-O^-Ca?-* 9 ) 1 



Similarly, 

Hence, 

(2.16) 



n—k „n—k 




d-k 

71 -fc 



n — k 



1 1 7 n— 



n—k 



> 



* s 2 ) 



( a f- s ^]+(b 2 - S 2 ) 



E Ktf 

for all s e (dj,bj). As (& 2 - s 2 )("- fe )/ 2 > ( a f ~ s 2 )("~ fc )/ 2 > . . . > (b 2 - s 2 )( n - k )/ 2 we can apply Lemma 
Ofor 7 = (ra - fc)/(d - fc) in (l2~To) to get 



d-k 
71 -k 



> E [(^ 2 - S 2 )^-K 2 - S 2 )^j I +(6 2 -.s 2 ) 

The result now follows from (|2.16[) and the last inequality. □ 

Remark 2.3. We note that if k = then the estimate (|2.1ip boils down to the estimate <|1 .5[) proved 
ini. 

We will now briefly discuss the LP — L q mapping property of Ad- We first recall that Rd satisfies the 
trivial estimate H-Rd/llLVGfn.d)) < C'\\f\\L 1 (G(n,k)) ( see [H])- We can thus use (|2.1ip and off-diagonal 
Marcinkiewicz interpolation theorem ([B], Theorem 1.4.19) to obtain the following result. 
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Theorem 2.4. J/0 < k < d < n— 1, 1 < p < ^— | and = d— k + S -^ L , then there exists a constant 
C > such that for all radial functions f £ L p (G(n, k)) the following inequality holds, 

( 2 -17) \\Adf\\Li(G(n,d)) < C\\f\\LP(G(n,k))- 

3. Real Hyperbolic Space 

3.1. Notation and Preliminaries. In this section we will set up notation and explain the basic facts 
needed to deal with the Radon transform on real hyperbolic space. Most of these material is standard 
and can be found in pQ, [3], |3],[TI], [H],EI], [37J. 

For n > 2, E™' 1 denotes the set R n+1 equipped with the bilinear form 

(3.18) [x, y] = -x%yi x n y n + x n+ iy n+1 , i.t/eE"' 1 . 

We consider the set F n — {x £ E™' 1 : [x,x] = 1}. The set F n is a hyperboloid of two sheets. The 
n-dimensional real hyperbolic space H™ is defined as the upper sheet of the hyperboloid, that is, 

(3.19) H" = {x£ E nA : [x, x] = 1, x n+1 > 0}. 

Let 0(n, 1) denotes the group of invertible linear transformations of R" +1 which preserves the bilinear 
form given in p,18[) . that is, 

0(n,l) = {g G GL(n + 1,R) : [gx, gy] = [x,y] for all x,y £ E"- 1 } 

(3.20) = {g £ GL(n + 1, R) : g l Jg = gJg 1 = J}, 

where J = diag(-l, ...,-1,1) (18J, Theorem 3.1.4). We define SO(n, 1) = {g £ 0{n, 1) : dct g = 1}. 
Let Oo(n, 1) denotes the subgroup of 0(n, 1) given by, 

O (n, 1) = {g £ 0(n, 1) : e l n+l ge n+1 > 0}. 

The subgroup SOo(n, 1) of 0(n, 1) is defined by, 

(3.21) SO (n, 1) = O {n, 1) n SO(n, 1). 

It is known that the natural action of SOo(n, 1) on H" is transitive ([IB], Theorem 3.1.6). Let 
{ei, . . . , e„+i} be the standard orthonormal basis of R n+1 and xo = e n+ i be the origin of H". Let K 
be the isotropy subgroup of SOo(n, 1) at xo, that is, K — {g £ SOq(ji, 1) : g(xo) = g{e n +\) = xq}. It 
turns out that 

(3.22) K= jfc = 

It is well known that G — SOo(n, 1) is a noncompact, connected, rank one semisimple Lie group and 
K is a maximal compact subgroup of SOq(u,1) ([37], P-2). It follows that H™ is diffeomorphic to 
the homogeneous space SOq(u,1)/ K with the identification gK g.XQ. Hence HP is a Riemannian 
symmetric space of noncompact type (see [37], p. 2). The G- invariant Riemannian metric on H n is 
given by 

(3.23) d(x,y) =cosh- 1 ([x,y]), x,y£U n , 

( [18] Theorem 3.2.2). To proceed further we need the analogs of d-dimensional planes in H". This 
requires the notion of bispherical coordinates on EP. Bispherical coordinates are natural general- 
izations of the notion of polar coordinates. For 1 < d < n, let R™ +1 = R n ~ d ® R d+1 where 
R n ~ d = span {ei, . . . , e n ^d\ and R d+1 — span {e„_d+i, • • • , en+i}- The following lemma can be found 
in [37], page 12. 
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Lemma 3.1. If 1 < d < n — 1 then every x G H", can be written as 

(3.24) x — £ sinh it + 77 cosh it, 

where < u < 00, ( G S"-^ 1 C R n - d , and 77 G M d C 

We note that if z G EP \ (HP n i? d+1 ) then the above representation is unique. In addition, if we 
consider the case d = then it follows that every 1 £ i", 1 / io has a unique expression 

(3.25) x — uj sinh r + e n +i cosh r, 

where ui G S n ~ 1 C R n . This is the so called polar coordinate representation of the point x G H". 
The G-invariant measure on H" with respect to the polar coordinates is given by 

(3.26) dx — c n sinh"^ 1 r dr dcr„„ 1 (w). 

Since our main object of study is the analogue of d-plane transform, we also need a good understand- 
ing of the analogues of c£-dimensional planes in HP. 

Definition 3.2. For 1 < d < n we define Ad to be the set of all linear subspaces V o/BP +1 such that: 

i) dim V = d + 1. 

ii) There exists v G V such that [v, v] > 0. 

Since every V € contains a vector v with [v,v] > 0, it follows that a suitable scalar multiple of v 
is in H™ and hence H" n V ^ <p. 

Definition 3.3. £ C H n is called a hyperbolic d-plane (or simply d-plane) if there exists V G such 
that £ = H" n V. The set of all d-planes o/H" is denoted by 3<j. 

Note that the case d = 1 describes all the geodesies of HP ([TS], P- 64). The importance of the 
d-planes comes from the fact that they are precisely the totally geodesic submanifolds of H™, that is, 
the geodesies of these submanifolds are geodesies of H™ (see [TH], p. 72). 

The set S<j can also be thought of as a homogeneous space of the group G = SOo(n, 1) as follows. 
We fix a particular d-plane £0 G given by £0 = HP l~l span {e n _d+i, • ■ • , e n +i}. Using Theorem 
3.1.6 of [IB] it follows that the action of SOo(n, 1) on Ad is transitive and consequently the action of 
SOo(n, 1) on EE^ is also transitive. It is not hard to see that the isotropy subgroup at £0 is isomorphic 
to H = SO(n — d) x 5*00(^,1) and hence is homeomorphic to G/H. It follows from the above 
discussion that £0 can be described as 

(3.27) £0 = {hx : h G SO(n - d) x SO a (d, 1)}. 

Since the action of SOo{n,l) on is transitive we have that given any £ G EE^ there exists <?(£) G 
SOo(n, 1) such that g(£).£o = £ (note that <?(£) is unique modulo _ff). So the element of EE^ are nothing 
but the G-translates of £o- Let \x denotes the G-invariant measure on the set EE^. The explicit expression 
of the measure \x is given by the following lemma ([2], Lemma 2.1). 

Lemma 3.4. If F is a nonnegative measurable function on EE^ then 

(3.28) £ F(£)diM(£) = (^j F(kg-%)dkj {smhu^-^icoshufdu, 
where dk denotes the normalized Haar measure on K and 



(3.29) 



cosh u sinh u 

I n -1 

sinh u cosh u 
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We are now in a position to describe the notion of the d-dimensional totally geodesic Radon transform. 
If / € C£°(W") and (eSi then the totally geodesic d-dimensional Radon transform (or simply d-plane 
transform) of / at £ is defined as 



(3.30) R^f(t) = / f(g(Z)h.xo) dh, 

Jh 

where dh is the Haar measure of the group H . Since any £ is of the form g.^ for some g G SOo(n, 1) 
the above definition is equivalent to 

(3.31) RdfM = / f(gh.x )dh. 

JH 

Though we have defined the d-plane transform only for functions but it turns out that the 
d-plane transform also makes sense for certain class of LP functions. We now quote a result from [2] 
which gives a precise description of this class. 

Theorem 3.5. If I < p < ^Ej and f e L p (H n ) then the integral in BUty converges for almost every 
( £ Sj. Consequently R~j /(£) is well defined for almost every £ G S<j. Moreover if p > then there 
exists a nonnegative radial function f such that i?^/(£) = oo for almost every £ G S,i. 

3.2. The d-Plane Transform of Radial Functions on H™. In this section we will concentrate 
mainly on the class of radial functions. It turns out that, similar to Euclidean spaces, the d-planc 
transform of a radial function on H™ can also be written down explicitly involving an Abel type integral 
([2], Lemma 3.1). For the reader's benefit we start with a brief discussion of the o?-plane transform of 
radial functions on H™. A function / on H™ is called radial if f(x) = f(y) whenever d(xo, x) = d(xo, y). 
Since the maximal compact subgroup K acts transitively on the unit sphere (see |12| ) it follows that a 
function / is radial if and only if f(kx) = f(x) for all k G K and x G H™. We have from (|3.23[) that 
d(xo,x) — cosh _1 (a; n +i) and hence a radial function / depends only on the last component of x, that 
is, on x n +i. Given a radial function / on H™ we define a function / on [1, oo) by 

(3.32) f(t)=f{x 1 ,...,x n ,t), (xi, . . . , x n , t) G H™. 

The following lemma ( [2], Lemma 3.1) explicitly describes the e?-plane transform of a radial function 
on H". 

Lemma 3.6. /// G C£°(H™) is a radial function then for £ G S^, 

(3.33) R^fiO = (cosh3 d )d _ 1 / /W(t 2 -cosh 2 s )^dt 



cosh s 

Cd f°° tanh 2 s 



d-2 



cosh s J. V tanh r 



(3.34) = /(cosh^ll-f^V 1 ) shV- 1 rdr 



where s = d(xo,t;). 



For a radial function / on H" we define the Abel transform of / by A d f{s) = R^f(0 where 
s = d{xQ, £). It is important for us to get an explicit expression of the LP norm of f. In this regard, 
we first observe that for k G K, 

dixoikg' 1 ^) = d(g u k~ 1 x ,(,o) = d(g a x ,^o) = hrf y ^ d{g u x Q ,y) = d(g u x ,x ) = u. 
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It follows that for radial functions R d f(kg u 1 fo) = A d f(u). It now follows from Lemma l3~4l that if / is 
radial function on H™ then for 1 < p < oo, 



(3.35) / \R-f(0\ p d^)=C n , d |^/(«)|"(siijhu) n - d - 1 (coBhu) ,i du. 

Js d Jo 

Using (|3.35|) and (|3.26p it is easy to see that ([2], Corollary 2.4), 

(3-36) U~if\\ms d ) <C||/|Uhh«)- 

We will now prove a lemma which seems to be a recurring theme as far as LP — L q mapping property 
of Abel transforms is concerned. The following lemma is implicit in the proof of (|1.5[) as well as in the 
proof of Theorem 12.21 A special case of the lemma also played a crucial role in the end-point estimate 
of the horospherical Radon transform of radial functions on rank one symmetric spaces of noncompact 
type (|13). Lemma 3). Though we are interested in the totally geodesic d-dimensional Radon transform 
(instead of the horospherical Radon transform) of radial functions on H™ and S n , it turns out that this 
lemma is still an essential ingredient for the results to follow. 

Lemma 3.7. If 5 ^ then there exists a positive constant C$ such that for all indicator functions of 
measurable subsets of R the following inequality holds, 

i/p 

(3.37) 



/ f{t)e st dt <C S ( f f(t)e pSt dt 

JR \JR 



Proof. Using the change of variable e St — s it suffices to prove the inequality 

poo / poo \ 1/p 

(3.38) J <j){s)ds < C s (f>(s)s p - 1 dsj , 

for all indicator functions <fi of measurable subsets of (0, oo). We first consider the case when <f> is of 
the form Xu k Jo* &<] w ith a\ < b± < 02 < 62 < ■•* < &k < bk- For functions of this form (|3.38[) 
follows immediately from (|2.10[) by considering X\ = bk, x% = a^, ■ • • , a^2fe-i — ^li x ik — a i- Since every 
nonempty open subset of R is a countable disjoint union of open intervals, the result holds for indicator 
function of open sets by monotone convergence theorem. Now suppose that E is a measurable subset of 
(0, 00). By monotone convergence theorem it suffices to prove the result for E n (0, m) for each m £ N. 
So without loss of generality we can assume that E C (0, A) for some A > 0. By regularity of the 
Lebesgue measure we can get a decreasing family of open sets {U n } such that E C U n C (0, A) for each 
n and \U n \ E\ < — (here \E\ denotes Lebesgue measure of the set E). So 

\ i/p 

XuM^ds) -\U n \E\. 
\Jo / 

It now suffices to show that 



(3.39) \E\ = \U n \-\U n \E\<n 

pOC poo 

lim / X uMs p - 1 ds= X E(s)s p - 1 ds 
n ^°°Jo Jo 



If dv{s) = sP^ds then 



lim / XuAsV' 1 ds - XE (s)s p - 1 ds 

p 00 

= lim / Xu n \E(s)s p ~ 1 ds 

= v(n™ =1 (u n \E)). 
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Since Lebesgue measure of the set n^° =1 ([/„ \ E) is zero it follows that 

/>oo 

lim / Xu n \E(s)s p ~ 1 ds = 0. 
™^°° Jo 



□ 

Remark 3.8. Using the substitution t=logs it follows from f|3.3T[) that 



(3.40) J <j>(s) s 5 - 1 ds < C 5 (J (f>{s) s? 6 - 1 ds^j 



i/p 



We are now in a position to state and prove the main result of this section. 

Theorem 3.9. a) If n > 3 and 2 < d < n — 1 then there exists a constant C > such that for all 
measurable, radial functions f on EP the following inequality holds, 

( 3 - 41 ) \\A- d f\\ L ^<C\\f\\ L ^, 1(m . 

b) If n > 2 and 1 < d < n — 1 i/ien i/iere exists a constant C > smc/i i/iai /or measurable 
radial functions on H n i/ie following inequality holds, 

(3-42) ll^7IU*(H d ) < C\\f\\ LP(m , 

where 

n — 1 , n — d n — 1 

3.43 =d-l+ , 1<P<-: — -• 

p g a — 1 

Proof. We will first prove part a) of the theorem. As in Theorem 12.21 it is enough to prove the result 
for indicator functions of all measurable, radial subsets of HP (see [26], Theorem 3.13 ). We will show 
that there exists a constant C > such that 

d-l d—1 

(3.44) \ cosh(s) Ajf(s)\ < C (J f(x) dx^j" * = C (J /(cosht) sinh"" 1 1 dt) " ' , 

where s £ (0, oo) and / is indicator function of a radial, measurable subset of HP 1 . Using (|3.34[) we write 

d-2 

f°° ( tanh 2 s\ 2 

cosh(s),4~/(s) = a d -i / /(coshi) 1 =- siiili^ 1 1 dt = h + h, 

Js \ tanh t J 



where 



d-2 

S + a . / f«r,l 2 



(3.45) h = o-d-i I /(cosht) ( 1 - tan ^ 2 S ) sinh^ 1 tdt, 



tanh t 



(3.46) h = o-d-i /(cosht) 1 =- sinlit dt, 

tanh t 



d-2 

tanh 2 s s 



and a = 1/2. We will estimate 7i and J2 separately. For t € (s + a, 00) we have tanhs < tanht and 
sinht x e*. So 



(3.47) 



h<C /(coshtje^- 1 ^ dt. 
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We now appeal to Lemma 13.71 with 5 = d — 1 and p = to get 



/(coshi)^- 1 )* dt < C / /(cosht^™" 1 ^ 

s-\-a \J s-\-a 



d-i 

n-l 



C[[ /(coshi)sinh n_1 i dt 

\Js+a 



(3.48) < Oll/H n-i , 

By similar argument as above we can prove the required estimate for I± if s > a. We will now estimate 
Ii when < s < a. We first observe that by mean value theorem that there exists a real number 
u 6 (s, t) such that 

rs+a 

I /(cosht)(tanh 2 t - tanh 2 s)~^r C oth d ~ 2 t sinh d_1 1 dt 

J S 

. An . f s+a ~. , ., N d-2 /2tanhu\^ sinh^ 1 1 , 

3.49 = / / cosh* t - s — -2- dt 

J s V cosh it / tanh" 1 1 

If < r < 1 then we have sinh r x r and cosh r x 1. As s<it<t<s + a<l and d > 2 it follows 
from the Remark E^] and (|51$)) that 

rs-\-a. 

1 d—2 . , d— 2 



h < C J f(cosht)(t- s)—{u) — t dt 
< C /(cosht)(t- s)^ti dt 



(/(cosh t)t d - 1 J ((t-s)^r^J dt 

< C / + /(cosht)^ 1 dt 

< + /(cosht)*"^- 1 ^^- 1 )- 1 dt 

d— 1 

< C I / /(cosht)t™" 1 dt) 

d— 1 

< CI / /(cosh t) sinh™" 1 tdt I 

(3.50) < C\\f\\ „_1 . 

This proves (13.44)) . As coshs > 1 this completes the proof of a). 

The proof of 6), for 2 < d < n — 1, follows by interpolating ([5J, Theorem 1.4.19) between the 
estimates flUS} and (|3~36|) . 

For d = 1 , the relation (|3.43j) shows that we need to prove the inequality 

(3.51) \\Aif\\ LP{Sd) <C\\f\\ LP{m , l<p<co. 
We first write the formula for A^f given by (|3.33p as follows 

Ayf{s) = C j /(t)(t 2 - cosh 2 s)-^dt. 

J cosh s 
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From p.35|) we have 

i/p 



\\Aif\\ LH3l) = C^°°^r/(s)| p sinh n - 2 S cosh S ^ 



p \ i/p 



(POO / POO \ P 

/ / f(t)(t 2 -cosh 2 s)-3 dt) sinh"" 2 s coshs da 
JO \J coshs J 

(see Lemma [nH]). We note that / is a positive function. Using the substitution coshs = r, we get 

(poo / poo \p _ \ i/p 

jf (jf /(i)(i 2 -r 2 )-^tj (r 2 -l)^\drj 

Again, using the change of variables i 2 = v + 1, r 2 = u + 1, we get 

(poo / poo \p \ i/p 

/ 1/ / (VF+l) (»-«)"' (u + *J uTrfuj 

- c (r(r /(v7TT)< " +ir *"*(TT7;) 5 ' 

/ . , . n-i , dv\ p du\ 1 ^ P 

x (l--J (u/«) * X[0>1] («/«)— J —J 

y ^y /(vuTi) 



c 



J \ p J \ 1/p 



x (1 - -j („/«) * X[0!l] (u/v) - - , I as _ < 1 



By Young's inequality for the group (0, oo), we get, 

x I y (1 - «) 2 « 2p X[04]( M )— ) 

/•oo _ \ 1/p 



i/p 



C 



(by using v + 1 = s 2 ) 

l/p 

< C I / (/(coshr)) p sinh n_1 rdr 



(by using s = coshr) 

(3.52) = q|/|| LW 

This completes the proof. □ 

Remark 3.10. Though Theorem l3.9l is analogous to the corresponding result on Euclidean space ([5], 
Theorem 1) but it does not seem to reveal the full story. It turns out that the LP — L q mapping property 
of the Abel transform on EP is very different from that of Euclidean space. In this regard, we observe 
that if d > 2 then shows that if / € i^ 4 (H") then 

\Ajf(s)\ <C f (coshs)- 1 , s>0, 
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where Cf is a constant multiple of ||/|| »=i l . Since the function g(s) — 1/ coshs decays like e s 

at infinity and the G-invariant measure on grows like e^" 1 ^ at infinity (see Lemma |3.4[) it follows 
that g £ L ra_1 '°°(S c i, /i). As a consequence, we have 

(3-53) ll^/IU— .-(s^^CH/H^.,^. 

Corollary 3.11. If 2 < d < n - 1 , 1 < p < and = (d - k) + tfien /or a/Z « G [f , 2] i/ie 
following inequality holds, 

(3-54) ll^/IL(E d ) < C«||/||l-(h»), 

for all radial measurable function on H™. 

Proof. From (|3.43j) we have 

(3-55) \\A- d f\\ Lq ^ d) <C\\f\\ LHm , 

n — 1 , n — d n — 1 

(3.56) = d-l + , l<p<- ■ 

p g a — 1 

By interpolating between the estimates (|3 . 36[) and Q3.53P we get 
(3-57) ll^7IU*(H*) < C|I/II^(h«), 

n — 2 , „ n — d „ n— 1 

(3.58) = d-2 + , l<p<- . 

p q a — 1 

If we fix p € (1, 5Et) then there exist gi and qi such that 

ll^/IU'i^^CII/H^), .7 = 1,2, 

where q\ and g2 are given by (|3.56l) and (|3.58[) respectively. It is easy to see from above that 02 < <7i- 
Hence elements of [92,91] can be written as 

1 2-K K-l 



q K qi 92 

It is now easy to see that q K satisfies the relation, 



KG [1,2]. 



n — K , , . n — d 
= (d-K) H . 

p q K 

Since qi < q K < q\ we have (see [6], Proposition 1.1.14) 



1_ _L 1_ 

1 _ 1 1 _ 1 



ll^/IU^) < C p , quq2 \\A-f\\ I'^JA-fW L « 
The result now follows by applying (I3.55|) and (|3.57p . □ 

4. The Sphere 

4.1. Notation and Preliminaries. In this section we will discuss about the notion of the 
d-dimensional totally geodesic Radon transform on the unit sphere. Since the situation here is analogous 
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to that of HP our exposition will be brief. We start with a few notation. Let 

S n = lx=(x 1 ,...,x n+1 )eM n+1 :5^<E? = l|, 

R n ~ d = span {ei, . . . ,e„_ d }, 

R d+1 = span {e n _d + i,...,e n+ i}, 

£o = R d+1 DS n = S d , xo = e n+x , 

where {ei, . . . , e„+i} is the standard orthonormal basis of R" and 1 < d < n — 1. We note that the 
situation here is little different from that of H™, in the sense that x G £o if and only if — x G £o- The 
compact Lie group G = SO(n + 1) acts transitively on S n and the isotropy subgroup at xo is given by 

K = | ( J SO(n)| pb 

Hence 5™ can be viewed as the homogeneous space G/K. 

It is known that all d-dimensional totally geodesic submanifolds of S n are intersections of S n with 
(d + l)-dimensional subspaces of R" +1 ( 18 , p. 40). Hence the set of d-dimensional totally geodesic 
submanifolds of S n can be parametrized by Gn+i,d+i- We note that £o g G„+i.d+i and for every 
£ G Gn+i.d+i, x G ^ if and only if —a; G £. The group G also acts transitively on G n +\ t d+i with the 
isotropy subgroup at £o given by 

H = \ h = f n J) :Te SO{d + 1), S 1 G SO(n-d)j w SO(n - d) x 50(d + l). 



T / 

Thus G n+ i !( i+i is also a homogeneous space of the group SO(n + 1), namely, G n+ i : d+i ~ G/H ( 20 , 
p. 78). In view of the above discussion it is now easy to see that if £ G G n +\,d+i then there exists a 
<?(£) G SO(n) (which is unique modulo H) such that 

Co = {fczo : h G if}, £ = <?(0£o - {.9(0^o : ft G H}. 
We are now in a position to define the notion of d-dimensional totally geodesic Radon transform (d-plane 
transform) on the sphere. 

Definition 4.1. Given a continuous function f defined on S n we define the d- dimensional totally 
geodesic Radon transform of f as 

(4.59) R+f(0 = [ f(g(0hx ) dh, £ G G„ +M+1 

JH 

where dh stands for the normalized Haar measure on the compact group H. 

Using the identification of £o with S d one can see that (|4.59|) can also be written as 



(4-60) R+f(0 = / f(g(0y) da d {y). 

Js d 

Remark 4.2. We note the following important difference between <i-plane transform on EE™ and S n . As 
^ is invariant under reflection about the origin it follows from (|4.59[) that R^f(0 — for all £ G G n +i,d+i 
if / is an odd function. 

We will now specialize to the class of radial functions on S n . An explicit formula for <i-plane transform 
of radial functions appear in [20] (see also [LT]). For the sake of completeness we explain it in some 
detail. 
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Definition 4.3. A function f defined on S n is called radial (or zonal) if for all x G S n and for all 

k G K, f satisfies the condition f{kx) = f(x). 

To understand the radial functions we use the notion of polar coordinate on the sphere. Every 
element x € S n , with x ^ Xq can be uniquely written as 

(4.61) x = p sin + x Q cos 9, p G S^ 1 , < 6 < it, 

or equivalently x — fc.(sin#ei + xocos0), k G K. For radial functions / it now follows that f(x) = 
f(p sin 9 + x cos9) = /(sinflei + XqCOs9). Hence a radial functions / on S n can be thought of as a 
function / on the interval [0, ir] given by the relation 

(4.62) /(cos 9) = f{x) = f{psm9 + x Q cos6). 

The Riemannian metric on S n is given by d,2(x,y) = cos _1 ((a;, y)), f[18j. p. 36). Since d 2 (/osin# + 
XqCOS0,xq) = 9, it follows that a radial function on S n is actually a function of the distance of a 
point from xq. To proceed further we need the notion of bispherical coordinate on S n ([27], p. 23). If 
1 < d < n — 1 then every x £ S n can be written as 

(4.63) x — -q cos 9 + ( sin 9, 

where r) G S d = R d+1 n S n , ( G S^- 1 = R n - d n S n , and 9 G [0, f ]. In these coordinates the G 
invariant measure on S n is given by 

(4.64) dx = sin™ - '*- 1 9 cos d 9 d9 dr) d(, 

where drj and dC, denote the normalized rotation invariant measures on S d and 5 , ™ _c ' _1 respectively 
([37], p. 12, 22). Now, suppose that / is a radial C°° function on S n . Then for £ G G„+i,d+i we have 
from (j^BU]) 

R$f(£) = I f(g(0v) do- d (y) 

Js d 

= / f((g(€)y,xo}) da d (y) 
Js d 

= f f({y,9(0~^o)) da d (y) 
Js d 

= / f((y,V cos 9)) da d (y). 
Js d 

In the last step we have used the bispherical representation g(£) -1;c o = V cos 9 + £ sin 9 (see (14.631) ). To 
make the above formula more explicit we will need the Catalan formula which is described below, let ip 
be a function defined on K and let x G M d , d > 2. Then 

(4.65) / ip{(x,u))do-uj = C d [ tfj(s\\x\\)(l - s 2 )^ds. 

Js d J-i 



END POINT ESTIMATES FOR RADON TRANSFORM 



17 



For proof of this formula we refer the reader to [6], D.3. Thus 

= / f (cos 9 (y, V )) da d (y) 
Js d 



f 1 d-2 

= CJ /(cos 0s) (1 - s 2 )^ ds (by using dUS])) 

f cose f(u) ( V 2 \ ± ^' 
= CI 1 — I du (using s cos 6 = u) 



cos 6 



(4.66) = j^yrr I >l«- 



— cos y 

+ . 



It follows from (|4.66l) that for radial functions Rtf is a function of 9 only. 

In the following the ci-plane transform of radial functions / will be denoted by A^f and will be called 
the Abel transform of /. 

Lemma 4.4. If f £ C°°(S n ) is an even, radial function then for 9 £ [0, 

/>cos 

(4.67) = (cQs ^ )rf _ 1 J /H(cos 2 0- u 2 )^rf u , 

C r /2 ?, ^ / tan 2 6>\^ rf , 



Proof. The first identity follows from ()4.66|) by using the fact that / is even. The second identity follows 
from the first one by using the change of variable u = cos r. □ 

We end this section by quoting the following result from |20j regarding the mapping property of . 

Theorem 4.5. If 1 < p < oo and 1 < d < n — 1 then for all continuous functions f on S n , 

(4-69) ll^/lk*>(G„ +M+1 ) <C\\f\\ LHSn) . 



4.2. The (i-Plane Transform of Radial Functions on the Sphere. As in the previous section we 
are interested in the inequalities of the form 

IIAi7IU*(G n+ i, <l+1 ) < C\\f\\LP(S»), 

which should be valid for all / £ C°°(S n ). Any / £ C°°(S n ) can be written as / = f l + f 2 where 
fi(x) = (f(x) + f(—x))/2 is an even function and f% is an odd function. Consequently A\f — A\f\ 
(see Remark 14. 2|) . To prove an inequality of the above form it thus suffices to prove an inequality of 
the form \\A\ f x \\ L i(G n+lid+1 ) < C||/i|U»(S™), as 

\\ A if\\Li(G n + 1 , d+1 ) = \\Ad fl\\L«(G n+1>d+1 ) < C||/l|| iP (s») < C\\f\\ LP{S n)- 

So, from now onwards, we will deal only with nonnegative, even functions on S n . We start with an 
example to show that, situation here is different from that of W 1 and H™. 

Example 4.6. We will show that is not bounded from L^^S 7 *) to L°°(G n+ i.d+i) if p < oo. Let 

fi(s) = X[o, ai ]{s), < Oi < 1, 
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and {a,i} be a decreasing sequence converging to 0. If a,i > cos s then from (|4.67[) we get 

/■COS s 

(4.70) A+f l (s) = C{coss) 1 - d (cos 2 s - t 2 )^ dt. 

Jo 

It follows from (|4.70|) that the sequence {\\A^ fi\\L°°(G n+1 d+1 )} is bounded away from zero. On the other 
hand, 

i/p 

IX[o,o<]IUi , . 1 (s») = C 



' /"t/2 \ 

y X[o,a»](coss) sin™" 1 s ds j 

< 



(4.71) = C(l - (1 -a 2 )" /2 ) 1/p - 

From (|4.7ip it is clear that the sequence {||x[o, ai ] Hlp.^s™)}^! converges to 0. This implies that Abel 
transform cannot be bounded from L p ' (S n ) to L°°(G n +i,d+i) if p < oo. 

The following theorem can be considered as an analogue of (|3.44[) . 

Theorem 4.7. If 1 < d < n , — 1 i/ien /or aZ/ non-negative K invariant function f on S n , f/iere exists 
a positive constant C such that 

(4-72) \\cos(-)A+f(-)\\ L ^ iGn+ld+l) <C\\f\\ L ^ 1{Sny 



Proof. As in Theorem 13.91 it is sufficient to prove the result for functions of the form f(t) = XE(t), 
where E = [J™ 1 [a,, 6j] ,m e N and < a\ < b% < a% < ■ ■ ■ < ai < 6; < 1. We will first prove the result 
for the case 2 < d < n — 1. Using (|4.68|) we write 

cos sA+/(s) = C / /(cosr) 1 — sin^ 1 r dr. 



Since s < r, we have < 1 — * an 2 s < 1. Now from the above expression we have 

rir/2 



cos s4+/( s ) < C / /(cosr) sin^rdr 



,7r/2 

< C / /(cosr) r^ 1 dr 
Jo 



By Lemma 13.71 (see also Remark 13. 8[) we get 

cossA+/(s) < C[l /(cosr) r™^ 1 dr 

- C 



o 



I /(cosr) sin™ 1 r dr 



< cil/IU.i (s «r 
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We will now prove the case d= 1. From (|4.67j) we have 

/■COS s 

coss A+f{s) = Ccoss / f(t)(cos 2 s -t 2 y^ dt. 
Jo 

Using the change of variable t = r cos s we have 

cossAff(s) — Ccoss / /(rcoss) (1 — r 2 )~ 5 <f rj 

Jo 

(4.73) 

For f(s) = X e(s) let, 



< Ccoss / /(rcoss) (1 — r) 5 dr. 
Jo 

J(s) = coss (xb)(s). 



Using (|4.73[) we get 



(4.74) /(s) x C< 



(4.75) 



coss 



coss 



coss 



coss 



'0, if cos s < a\. 

pbi/coss />1 

E / (l-r)-*dr+/ 

i= 1 ^ a i/ cos s ** a j / cos s 

if aj < cos s < 6j, 1 < j < m. 

J / cos s 

E / (l-r)-'dr 

i= 1 a * / cos s 

if 6j < cos s < a^+i, 1 < j < m — 1 
E/ (l-r) _ *dr 

•J ail cos s 

'0, if coss < a\. 
' J_1 / 

E 



(1 - r) 2 d r 



if 6 m < coss < 1. 



cos s 



COS s 



(l--^)t 

coss 



- C^ 



cos s 



if aj < cos s < bj,l < j < m. 
f— ' V coss/ \ 



cos s 



if 6j < cos s < Oj+i , 1 < j < m — 1. 



coss 



cos s 



COS s 



if 6 m < cos s < 1 . 



By Lemma \2 . 1 1 f with 7 = 2) we have 



0, if cos s < ai 
"j-i 



E 

.i=l 



6, - a. 



cos s 



cos s — a-, 
coss 



(4.76) J 2 (s) < C< 



if aj < cos s < 6 j , 1 < j < 



E 

771 

E 

.i=l 



6, - a. 



cos s 



6, - a, 



cos s 



if 6j < cos s < aj +1 , 1 < j < m — 1. 
if 6 m < coss < 1. 
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Thus we have from above expression that 

m 

(4.77) I 2 (s) < C 5>,-a,) 

i=i 

We define Ai = 1 — a^, Bi — 1 — b i: i = 1, 2, . . . , m. Then 

Ai > B x > A 2 > B 2 ■ ■ ■ > A rn > B„ 
Again using the lemma [2~T1 (with 7 = n/2) we get 

m 

I 2 (s) < Cj^ik-ai) 



C 



= C 



m 



-1 2/n 



A? - B} 



i=l 

2/n 



2/n 



c( [ X e(s)(1-s 2 )^ ds 



2/n 



Using the change of variable cost = s, it follows that 

(7r/2 \ 1 /" 

jf x £ (cost) sin"- 1 tdt) =C\\ X E\\Ln,i is « 

This completes the proof. 

The following corollary can be thought of as an analogue of p.53p . 
Corollary 4.8. There exists a constant C > such that for all f G L ! s^ 1 {S n ), 



□ 



(4.79) 



U + d f\\ L ^ { G n+1 , d+l) <c\\f\\ L ^ {sny 



Proof. We have from (g32D that \\A+ f\\ L ^ Gn+l d+l} < ^||/|| £4 .x (SB) 
belongs to the space L d+1 '°°[0, f] with respect to the measure cos d 9 d9 the result follows 



Since the function g(9) = — ^ 

□ 



Remark 4.9. i) Interpolating between the estimates (|4.72[) and (|4.69[) (for p = 1) we get the following 
weighted estimate which is somewhat analogous to R": 



where 



||cos(.)A+/|| L . (GB+li<H . l) <C||/|| i , (s - ) , 
n n n — d 
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ii) Corollary 14.81 has an interesting implication. Suppose that d + 1 > §, for instance, we can choose 
d = n—1, n > 2. We can now use an interpolation argument involving the estimates ||^4J/||li(g„ + i d +i) — 
C||/IIl 1 (S") an d (|4.79p . As a result we can prove that for each p 6 (1, ^) there exist a q > p such that, 

\\ A df\\Li(G n + lid+1 ) < C||/||i>(s»)- 
This implies that for radial functions Theorem 14.51 is not best possible. 

Example 4.10. We now construct an example to show that (|4.72j) is not possible, if 1 < p < 
We consider the sequence {a m } where a m = (m — l)/(m + 1). Then {a m } is an increasing sequence 
with linim-Kx, a rn = 1. We define a sequence of functions {/ m } by defining / m (s) = X[a m ,i]( s )- We now 
consider the sequence of radial functions on S n defined by f m (p sin 6 + xq cos 9) = f m (cos8), < 9 < 
tt/2. For 7r/2 < 9 < tt, we define f m by the relation / m (x) = f m (—x). We have 

/ r /2 _ \ VP 

(4.80) ||/m|Up.i(s») =C I y X[ 0m ,i](coss) sin™ x s dsl 
By the change of variable cos s = t in (|4.80[) , we get 

= ^| x M (t)(l-i 2 )^A 

(4.81) = C(m + l)"S. 

If ( m +^) a ™ < cos s < , then it follows from the explicit expression of the Abel transform (see (|4.67l) ) 
that 

cossAj-/ m (s) = — j-j— / f m {t){cos 2 S - t 2 )^ dt 



1/P 



(4.82) = -^-y^ (co^-^dt. 

By substituting < = r cos s in (|4.82l) we get 

cossA+f m {s) = C I (1-r 2 )^ dr 

> cfl-^f 
V cos s / 



C 1 



COSS/ 

rn 
m + 1 , 

(4.83) = C(m + l)-5. 

It follows from (|4.81l) and (|4.83|) that an estimate of the form 

||cOS(-)A+/(-)|| L ~( G „ + 1 , d + 1 ) < C||/|| iP , 1(S n) 

is possible only if Q < ^ , that is, p > ^. 
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